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Abstract. A new approsch to algorithm analysis and synthesis is discumed in this paper.
The oew npproach in based on bilinear form representation of current and voltage signal
samples. Tt is used to study performance of digital algorithma for distance relaying of
transmission lines. The non recursive algorithms sre treated with the new design approach.
The general design eriterin derived utilizing the bilinear form approach ase applied to
anslyze performance characteristics of & very well known Fourier transform based distance
relaying algorithm. The same design criterin can be (he basis of the algorithm synthesis.

This is illustenied by applying the citerin in designing some new algorithms for distance
relaying.

INTRODUCTION

Digital algorithma for proteclive relaying of transmission
lines have been investigaied for the last twenty years. As
» result, & sumber of algorithms were designed and tested
[Phadke and Thorp, 1988; Sachdev, 1080). Close analynis
of the algorithms for distance relaying of transmission lines
shows that there are st least n dozen of different algorithms
suggrsted for this application so far, Performance evalus-
tion of these algorithms indicates msjor varintions i theal-
gorithms’ behavior under a reference set of fault conditions
{Hezunovic and co-workers, 1988). Consequently, compar-
stive study of distance relaying algorithms still remains as
& resensch topic of intesent. Also, investigation of new al-
gorithss is weeded since none of the existing algorithms
han yei been demonstrated as having optimal performance

The suthors of this pager have introduced & new theoretical
approach for nnalysis snd synthesis of non recursive dig-
tal algorithms for power system parameter messurements
{Perunide, Kepunovic and Kreso, 1088). This cew ap-
pronch haa been used to design new algorithms for measure-
ment of active and peactive power aa well as for frequency
mensurement (Kesunovic aad co-workers, 1991; Perunicie,
Kezunovic and Spascjeric, 1891). The same hna
by wiilized to design digital algorithmas for power and line
parnmeter measirement with low sensitivity to frequency
change {Perunicic and co-workers, 1990). Finally, this new
appronch hins nlsc been propesed for optimal design of dig-
tal distance relnying algorithme (Kemuncric, Perunicic and
Levi, 1989).

‘This paper ilusirates how the new approach can be used
for both analysis of the existing algorithms s well as for de-
sign of pew algorithms for distance relaying of Lransmission
Lines.

The first section of the paper cullines the algorithm design
criterin derived using the new spproach. Next, performance
of an existing algorithm i analyzed by comparing how well
it saticfien design criteria, Synthesis of new digital algo-
rithms for distance relaying is given in the folowing section.
Major advantagea of the new approach are summarized in
e v

DIGITAL ALGORITHM DESIGN CRITERIA

Dhistance relsying may be hased on the algorithms derived
for caloulation of paramelers B and Lt

: E=R+jwl i)
The tranamission line parameters B and L ean be expressed

s follows:
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In & meore genernl way, these expreasions ean be given s
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where €, D, nad E are the weight matrices.




Analysis of expeession (3) shows thel parsmeters R and L
can be determined using the following bitinear form:
N=1 N=1

BF.= ) ) himttaciie-m
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Therefore, the erteria for design of digital algorithms for &
and [ ealeulstion can be derived from the condition that
the bilinear forms in expression (3) have to have the cor-
responding values indicated by equation (2). This leads to
the conditions under which the value of the bilinear form
{4) becomes equal to values of P, @ nad [RMST).

(#

Bilineas Form P .

Further expansion of the equation (4) indicstes that for
harmonic signals, the bilinear form may be expresed as &
wum of & constant term FB* and » variable term BFT:

BF,=BF + BF; (%)

These two terma can be represented as a function of the
weight matrix H:

BF = %r H*({.'-"}Il . m[ﬁ + iﬂ"[r?"}l

(6)
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where the related weight matriz polynominls ¢ and H*
nre represented sa:
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Analysis of equations (8] shows that the constant part BF*
enn be used Lo determine sctive and renctive power ks well
as (RAFST)? values, The varishle term will wanish if the
following condition is falfilled:
B ) =0 (1)
This is satisfed when ¢~/* i a zero of the polynomial
H*(p). Furthermaore, the variable term will vanish for any
¢ if H*(p) is icdentically equal to zero. This s the case
when:
AE=0 r=01,..,2N=2 {12)
The constant past of the biliear form is equal to active
p-:ml:r.

BP-E.:.;:?

3 (13}

if the polynoedal H*(e~/*) is real for sny value of ae elec-
trical angle ¥, and equal to 1 for & given value of the angle:

Hie*)=1, ¥=v (14)
The eonstant part of the bilinear form is equal to reactive
p-n‘wu.-.

HF-E:}-'“-Q

(15)
if the polynomial H*{e~#*) is imaginary for sny value of
the electrical angle 4, and equal to —j for & given value of
the angle:

B e %) =—j, ¢=1vs (16)
The condition for (RMSTP caleulation can be obtained
from expression (8] by taking into account that both signals
in the bilinear form are the current signals and that they
are equal with no angle difference between them:

B = L Re (4]
Re{H*(e" ™)} =1 {18}

which is needed to make equation (17) represent the ( RMST)?
value.

(17}

Jitional Desica Criteri

The basic design eriteria are expressed by equations (13),
(15) and (17). The cormesponding conditions for caloulation
of parameters [ and [ are given by equationa (14), (16) and
{18) respectively.

Additional conditions can be derived for design of the al-
gorithms to make these algorithma insensitive to change
of the fundumental frequency, of to make them capable of
filtering out DO offset and higher barmonics.

Inseqsitivity to frequency change The set of conditions for
this design criteria has boen discussed in an easlies refes-
m{?ﬂmﬁﬁtﬂm—m‘h‘l,]m}.mﬂbﬁ.ﬂhl
summary of these conditions.
Design criteria for having the eatimated value of parameter
R being equal to the aciual walue s derdved from the fol-
lowing relistion dbtained by stilying the be—senativily—
to-frequency-—change criteria:
= Re(C'(e3%))
B= Ref B (7)) i
The estimated value  is always equal to the setunl vaue
R, for nay value of the nagle #, if palynomials © and E ase
equal:

C=E (20}
The following design exiteria can be derived for parsmeber

L
Im{D*(e~#%)} &
b= -HimE™) w t

- (21)

In order to make the estimated value L to be equal to the
actunl value L, the following is needed:

d i 4 ¢
— T { D" )3 Hymwe = Hﬂff-s*['ﬁ Chd ) [P
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(22)
Obvicusly, for the pominal frequency, the following ala
ol



~Im{L e ) = Re(E(e™ )} (23)

DC offsct sod higher barmonic flicring. The set of condi-
tious for this design criterin has also been described in the
suthors" earlier reference (Kesunovie, Perunicic and Levi,
1980).

If the signal modes that nesd Lo be Bltered out are specified
by
M=A g
A = amplitude
24
g @0
A = charncteristic value
then the bilinesr form value is equal to:
EF. = BF, + BF, (25)

A detniled analysis of the expression for BF, indicates that
the following conditions have to be met in order for BFy to
be sgual to zero:

Nt N=1

Y ¥ bimg ™ coamyy =0

=T

N-1 N-1

b D }:h-;"" com by = 0

k=0 mi
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3N humg Y sin iy =0 (26)
b= m=d

Nl N=1
23 bt
b et
N1 N=1
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=1 m=a
It should be nobed that the mode ¢ will be eliminated cnly
if the fundamental frequency is such that ¥ = vy, However,
the conditions (26) indicate that mode g can be eliminated
for any vinue of ¢ if the following conditions are also sntis-
i

sin kyy = 0

N=i

Y himg™ =0 k=0,1,.. N-1
m=
M- (27)
Y himgt=0 m=01...,N-1
-
Therefore, this creates 2N additional conditions.
Eresence of the Signal Noise

The spproach of using billnear frms to design algorithms
for ealoulation of parameters R and L can also be used to
design algorithms with the bias being equal to zero and
the varinnes being minimized, The following discussion il
lustrates the design eriteria set for the case of the input
signals containing the white nolaa.

Let us consider the current and voliage signals in the pres-
ence of white poise:
F=s4e.

imyte, (28)
where ¢, and ¢y represent stationary white nolse, e
Eles} =0 Efeg) =0 (29)
The corresponding wmrinnces are:

E{e})=a] Elg)=v (20)
Let us also sasume that the poises of the two signals are
not correlated, ie:
Ry r)=0 (31)
I the discrete signal domain, the following is also troe for
the nutccorrelation function:

Rot-m={s 1=m )

The main design criteris for selection of matrices of the
bilinear forma can be now summarized na follows:

E{BF.} = BF. (o bim) (33)

ohp, =0k (minimal vacisnce)  (34)

It is interesting to note that expression (33) is alwnys true
for the type © and D mairices found in the nominstor
of expression (3). For matrices of the type E, found in
the denominator of expression (3), and additional condition
Deeds Lo be defined based on the following equation:

L]
E{BF) = 0FE 4+ Y b (35)
N=i
> hu=0 (38)
=0
ALGORITHM ANALYSIS
: ;

sssessment. In this case, various conditions set by the de-
migm criterin wre checked to see if & given algorithm atinfies
those design eriterin. Since the design criteria are directly
related lo the performance characteristion of the algorithma,
ihe chedk of the mentioned conditions gives n direct sssess-
ment of the algorithm performance.

This process is illustrated by analyzing a well known alge-
rithm for B and [ calculations. Due to the limited space,
not all of the design criterin conditions are apalyzed in de-
tail, However, n detniled performance assessment can be
carried out hased on the set of conditions given in the pre-
vious section.

Fourier Tranaform Based Algorith

Fmﬁﬂlmﬂlhﬂbudﬂpilﬁmhwbﬂw
fer distance relaying a long time ago (Ramameorty, 1972).
Quite nn eficient version of this algorithm had been devel-
oped and implemented in an sctual distance relay design
[Thorp and co—workera, 1879). An analysis of this algo-
rithm is performed using the bilinear form approach. As
an example of the analysis, performance aassessment of the
algorithm part that caloulates parameter L s performed.
The corresponding matrices D and E, as specified in ex-
pression (3), are determined by the algorithm design to be
equal Lo
0 —singe —sinljy —sinddy
T R Y S s
D=ldn2éy singy 0 -sagy | 7
sinddy mindvy  singy 0
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Conditions for saliculalion of I Ao
of the matrices (37) and (38) shows that the following con-
ditions are satisfied:

D™ ™) = —f (39)

Ef(ei™) =1 (40)
Comparison of conditions (39) snd (40) with correspond-
ing conditions (16) and (18) indicates that theae matrices
indeed are providing the value of the parameter L.

Sersitivity to frequency change. To analyze elgorithm sen-
sitivity to the change in the fundamental frequency, the fol-
I-mn;n-pr:dmnhudsmeqmnhud‘mndnm
(22):

= 2sindy + vIsin® ¢+ Ising ¥
L= 3--—-——-'!'1’@"‘I pr = =L (41)
For the sampling angle of ¥ = 45%, the following errors are
caleulated as & function of the frequency change:

L] 42.5° | 4aa* | 45% | 450" | 472"

% =5 -2 | o 3 5
Tz | ooos |o9te0 | 1 | 10180 | L0472
% error =5 —-22 ] 1.8 4.7

As can be cheerved, the algorithm is sensitive to the fre-
qumq:hm;t. Incidentialy, this wes also confirmed earlier
in an experimental sudy simed st verifying performance
of various distance relaying algorithms (Kerunovic and co-
workers, 1988).

Filtering of different modes. To analyse algorithm proper-
tiea regarding fllering of DC offet and higher harmonics,
the following expressions are derived ma an equivalent of
conditions (26);

e -1 “‘Ef‘l ‘]
sin’ (o —¥) _
e
Ammuwm]m-uhu

for = ¢ = (2 4 e

sin® H(ve +¥)
sa! SE
sin” ¥(gy + )

wre |

DH{ei*) = —2k {

E(e ™m0 DY) =0 {43)
This means, sccording to conditions (26), that the algo-
rithun Blters out all of the odd mumbered signal harmonica.
= 2k
Efe=iy 0 D) £0 (44)
This means, according to conditions (28), that the slgo-
rithm does oot Blier cut the even barmonics and the DC
wlfact component.

For l = ¢

Signal noise considerntions. Finally, scalysis of the noise
eonditions, specified by equations (33) and (38), shows that
ﬂ:eﬂmﬂnnémmhu!hbluhthm-lmﬂuhﬂu
there is & biss in the matrix E. The minimal wariance,
based on condition (34) is determined to be:

op=sh+ok=gh (4)
where:

po Uley  Poi U~ RMS voltage
2 2 I = RMS current

ALGORITHM SYNTHESIS
Previous Resulis
The authors bave slready spplied the bilinear form ap-

pm&hqumtwmﬂhmm
that are insensitive to fi "lndm—

of new algoirthms that are eapable of Altering DC compo-
nent and higher harmonics has been cutlined in & previous
paper (Kesunovic, Perunicie and Levi, 1089).

The fallowing discussion explores the algorithm synthesis
approach under the design eriteris for signal mode fltering
by giving some examples of this process.

Furihermore, this section outlines algorithm gynthesis ap-
proach under the noise considerations by giving some ex-
amples of this process as well,

The first set of eonditions is related to the selection of ma-
trix H so that tbe requirement (11) in sstlsfied As indi-
cated by the expression (12), this mesns that the sums
of the matrix elements in the anti-disgonal and all the
sub-anti-diagonals have to be zero. Such matrices will be
named constast-valued.

The next st of conditions is related Lo selection of the
polynomial H¢(e~/*) so that the bilinear form value gives
active and reactive power as well as (RMSI)?. As indicated
by expressions (3), this is needed Lo ealeulate parameters
R and L.

Active power calculation. It can easily be shown that the
symmetric matrices defined as
A= AT (46)

satiafy the requirement that their value is slwnys real, ie.,
that their imaginary part is always equal to zero:

Im{A%(e=")} =0, Wy (47)
However, the symmetric matrices are not necessarily oo
nstant-valued, which in also the pequired condition ss ex-
preased by equation (11). Cue way to constrect & constant-
valued symmetric matrix A is to choose ils elements to sat-
iafy the following conditions:

EE"""‘ = -r% r=0,112.. N~
o=

G<k<N-10Sm<N—1 k>mb+m=2



EE""'D r=0,1,2...N-1
b -
Ik N-10EmEN=]1 kombk4+m=2r4l
(44)
If the following condition is also satisfied:
Re{A(e7")) #0, ¥ =1y (49)

then & weight matrix for real power caleulation can be con-
structed na: 1
%= meaey 5

Feactive power calculation. 1t can be shown that the skew-
symmetric matrices defined s

BT=-B (51)
satisfy the requirement that (heir value is always imnginnry,
ie., that their real part is always equal to zero:

Re{B*(c™*)} =0, W (52)

However, those matrices always satisfy the ollowing condi-
tion as well: :

B¢~} =0, W$ (53)

which is newded to make the wariable part of the bilineas
form to be equal to zero. In addition, if the following con-
dition ia satisfied:

Im{B ()] £0,  $=ve (54)
then & weight matrix for renctive power caleulation can be
constructed aa:

1
e = gy ¢ (s8)

Algorithm insensitive to D offset. Synthesia of such an al-
gorithm will be dlustrated by selection of the matrices re-

quired to ealoulate wetive and resclive power, which are in
turn used Lo ealeulate paramelers B oand L.

This synthesis is made under & condition that ¢ = 1 in
the squation (24). In this case, the general conditions for
filtering DC offset, expressed by squationa (27), reduce o
the following conditions:
N=1
z hjm =10
m=0
N1

5 hum=0
b=

k=0,....N-1
(58)
m=0,...,N=1

The conditions (56) indicate that the sum of elements in
the columns and the rows of the' matriz H have to be equal

EETO.

The matrix H i to be selected ta
satisly conditions [4&]-::&(56} Let us select the fllowing

madrix:
0 0 -1 -1
B 2 =1 -1
}F:l_I -1 3 0] (57)
1 -1 0 0
which sstisfies the mentiooed conditions. In order bo noe-
malize this matrix secording to the condition (50), the walue
of H*(e%) is caloulated nceording to expreasion (7):
H(e i) = —Zoom Iy — dcoa by — Deoaghy +4  (58)

Firelly, the matrizx M, is calculated as a ratio of expressions
{57) and (58).

The matrix H is to be selected

Benctive power caloulstion.
to aatisfy conditions (52), (53) and (58). Let us sclect the
following matric:

(58)

that satisfies the mentioned conditions.
In order to normalize this matrix, sccording to the condi-
tion (55), the value of He(e~" ) is ealculnted according to
expression (7):

He(e™™) = —2j sin 3y + 47 sin 2 — Ijsinve  (60)
Agnin, the matrix Hg is caleulabed ss o ratio of expressions
(59) and (60).

Moise Cogsiderati
As can be oheerved from expressions (33) and (36), selec-
tion of matrices for ealoulation of parnmeters B and L with-
out bins is straightforward. However, selection of matrices
for ealeulation of parnmeters R and L, with condition (34)
being satisfied, is nol as obvious, Further discussion illus-
trates this point.

Derivation of equations for condition (34) give the following
resualt:

E{(BF, = BF,)} = a}(XTFX) + e} (YTLY)
+olady Yo (61)
4 =

where:

F=HHT L=HTH (62)

Condition (62) also indicates thal matrices F and L nre
always symmetric.

Furthermore, it can be shown that under the conditiona
set for selection of malrices for caleulstion of P, ) and
{RMETP wlues, the following also holds:

F=L (63)
Sinee the Inst term of equation (61) i smaller than the first
two terms, and under the condition (63), the equation (61)
hecomen:
o = kFS(e™™) 4 h|P'{=-J*]|.n [2ndbs + [ F™(e=7*)]

(64)
Finally, the condition (M) reduces, based on expression
(64), to the following condition:

Tmin = EF{e7%), (65)

&L&Mm Let us select matrix H to satisfy
condition {48), (48) and (49) as follows:

o o a b
0 -2a =b ¢
. L -+ - n] -

1k e .0 0l



In order to determine an expreasion for condition (85), ma-
trin H” has to be ealeulated na follows:

F=H'm
P We—a) —3a¢ o
H:-:—ur 1..:’+P+¢’ Zﬂu-}—c} —2ac &7
~Zac Watc) @+ 440 Ha-c) (87)
] —2ac Wa—¢) ¥+

Finally, based on matrices H -ndh", the following expres-
sion ean be ealoulated:
F(e™i™) = —Baccon Dby 4 4b{a + c)cos by + Ba” 4+ &6 + B
(68)
H (e /%) = Zheon by + Ha + ) con Ty — 2becapy — 2a — 2c
(68)
Mow, the minimizalion process can be initiated on the ex-
pression (65} under the following additionn] conditions;
He~™)m1l H'(e™i™)mi (70)
‘The technique used to obtain the minimom is the I.Ill'lll'ﬂ.ﬂ.
multiplicator technique. The following function noeds Lo be
rm'ﬂ..d:
w(a, b e, A) = Fo(e=i™) 4 A[H(e=M) =1]  (T1)
For given sy = 45, the following system of equations have
L b solved:
Bw Bw Dw Bw
="&"%"a"" ™
As & result, the following cosficients are obtained:
1

1
u---E . L-—T 5 g--ﬁ (73)
This finally gives the value for expression (65}
ol . =083k (Ta)

Calculation of the minimal variance for matrices used in
earmied out in lh:ﬂmﬂ.[nr.lfn(th‘d.iw s, The
caly difference is that the { RAfST)? ense requires that the
sdditionn] condition given by equalion (36) i also taken
into secount in the minimization process expressed by con-
ditions (T2).

CONCLUSIONS

This paper illsstrates how the pew approsch to the algo-
rithm design can be used for beth analysis and synthesin
of distance relaying algorithms. The man advantage of
this approsch is the capability for consistent treatment of
some of the most important algorthm design Bswes such
ns: insensitivity to frequency change, Bltering of diferent
signal modes, and influence of the signal noise. Further
investigations of this approach are under why with ‘lﬂl‘
to design an optimal slgorithm for distance relaying which
wonld have improved performance when compared to some
of the existing slgorithem desgoa,
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